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Abstract-Great efforts have been done for studying basic notions like the solvability and stability 
sets for parametric multiobjective programming problems of the first and second kind. In this paper, 
these notions have been defined and analyzed without differentiability assumptions on the considered 
functions. New stability notions like the stability sets of the third and fourth kind have been also 
defined and analyzed for this problem. 
1. INTRODUCTION 
Qualitative analysis of some basic notions like the set of feasible parameters, the solvability set 
and stability sets of the first and second kind were introduced by Osman in [1,2]. Also, in [3,4], 
the stability sets of the third and fourth kind for a general class of convex parametric program- 
ming problems were defined and analyzed. In addition, the relations between multiobjective 
programming problems and parametric programs have been studied in [5,6]. The stability of 
multiobjective programs using the Hybrid approach and using the extension of the generalized 
Tchebycheff norm were considered in [7,8]. In this paper, the stability notions of parametric 
multiobjective programming problems without differentiability assumptions are studied. 
2. PROBLEM FORMULATION 
Consider the general parametric vector optimization problem: 
Vop(X) 
minF(x, 4 = (fl(x, 4, f2(x, A), . . . , fm(x, A)>, subject to 
M={xEW+Jr(x)~O, r=1,2 ,...) k}, 
wherefj(x,X),j=1,2 ,..., mandg,.(x),r=1,2 ,..., k are real valued functions convex on M 
and ll@, respectively, and X E R” is any vector parameter. 
DEFINITION 1. A point x0 E A4 is said to be an efficient solution of Vop(X) if there exists no 
other x E M such that: 
fj(X, 4 I fj(XO, 4 and fj(x, 4 # f&O, A), j = 1,2 )...) Tn. 
The scalarization of problem Vop(X) can be written in the form: 




xEWgr(x)<O, r=l,2,.. .,k}, 
Typeset by &$-T&X 
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where 
m 
WjEA= WERmWj>O, j=1,2 ,..., m, CWj=l . 
j=l 
Here,wetakefj(x,X)=Xjfj(x), j=l,2 ,..., m. It is well-known from [5], that the optimal 
solution x* of Sop(X) is an efficient solution of Vop(X) if it has unique optimal solution. 
DEFINITION 2. The solvability set of problem Vop(X), which is denoted by B, is defined by 




E(X) = X* EBmJe WjXjf3(X*)=zis 2 WjXjfj(X) . 
j=l j=l 
3. STABILITY SET OF THE FIRST KIND 
DEFINITION 3. Suppose that for i E B an efficient solution of Vop(X) is found to be R E E(X); 
then the stability set of the first kind of Vop(X) corresponding to %, which is denoted by T(Z), is 
defined by 
T(R) = {A E Blii E E(X) is an efficient solution of Vop(X)} . 
THEOREM 1. The set T(%) is convex. 
PROOF. Let A’, X2 E T(S), then 
2 Wj Xj fj(%) 52 Wj Xj’ fj(X), 
j=l j=l 
gWjX:fj(ff)<c wj Xjz fj (XI, 
j=l j=l 
for all x fz M, 





for all x E M and 0 < o 5 1. 
i.e., cr A: + (1 - CY) XT E T(X), j = 1, 2,. . . , m, 0 5 (Y 5 1, and hence the result follows. I 
THEOREM 2. The set T(g) is a cone with vertex at X = 0. 
PROOF. It is clear that X = 0 E T(R). Suppose that x E T(g); then 
Wj 5 fj (X), for all x E M, and then 
j=l j=l 
2 WjQYjfj(%) 52 wjaxj fj(X>, for all x E M, cr 2 0, 
j=l j=l 
i.e., ax E T(E) for all (Y 1 0, and hence the result follows. 
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4. STABILITY SET OF THE SECOND KIND 
DEFINITION 4. Suppose A E B and I c {1,2,. . . , m}. Let p(& I) denote the side of constraints 
defined by 
p(&I) = {x E W”lg,(x) = 0, for T E I; and &(x) < 0, for T $! I}, 
then the stability set of the second kind of V@(X) corresponding to p(x, I), denoted by Q(p(x, I)), 
is defined by 
Q(P(& I)) = {A E B(Q(& I)) contains an efficient solution of Vop(A)} . 
PROPOSITION 4.1. If the functions fj(x), j = 1, 2,. . . , m are strictJy convex on M, and II # 12, 
then 
QW’, Id) n QW2, Id) = 0. 
PROOF. Suppose that x E Q(p(Xl, II)) n Q(p(X2, Iz)), then 
-w) r-l PO’, 11) # 0, 
E(X) fl /7(X2, 12) # 0, 
and 
which is a contradiction since E(X), by the assumption, is only a single point. 
REMARK 1. It follows from Definitions 3 and 4 that 
QW, 1)) = u S(x% 
iCJ 
where 
J = {j[xj E (,+,I)) is an efficient solution of Vop(X)} . 
I 
REMARK 2. If J is a finite set, then the set Q(p(&I)) U (0) is a closed cone (from Remark 1 
and Theorem 2). I 
THEOREM 3. The set Q(p(X,I)) U (0) is star shaped [l], with the point X = 0 as its common 
visibility point. 
PROOF. If X E Q(p(&I)), then from Remark 2, A E T(xS) for at least one index s E J. 
Then CY X E T(x’) U {0}, cy 2 0 from the convexity of T(xS), i.e., LY X E Q(p(x,I)), and hence 
the result follows. I 
REMARK 3. From Definition 4, it follows that 
Q(P(k I)) = ui~rQM% Iii)), 
where 
I? = {ill 5 Ii and p(& I) is the closure of p(i, I)} . 
THEOREM 4. If fj(x), j = 1, 2, . . . , m are continuous and strictly convex on M, and Q(p(x, I)) C 
B U {0}, then 
&-6 I)) c Q(i%% 0) u (01, 
where Q(i@, 1)) ad @(P(% 0) are, respectively, the boundary and the closure of Q(p(x, I)). 
PROOF. If either Q(p(& I)) is closed or Q(p(&I)) = S(X), the result is clear. 
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Let X* be a boundary point of &@(&I)); if X* = 0, the result is clear. Otherwise, choose a 
sequence Xtn) 2 0 which converge to X* such that Xcn) E Q(p(x, I)) with corresponding efficient 
solutions xcn) E Q(p(x, I)). Then 
5 wj A?’ fj(X'"') 5 2 wj A?’ fj(x), 
j=l j=l 
for all x E M and for all n. Therefore, 
lim 5 Wj A:’ fj(X’“‘) 5 Jima 2 
71’co 
Wj A?’ fj(X), 
j=l j=l 
for all x E M. Prom the finiteness of the sum and the continuity of fj, it follows that: 
m m 
C Wj Xj* fj(J@mX(n)) 5 C Wj Xj* fj(X), for all x E M, i.e., 
j=l j=l 
~WjX3*fj(X*)I~Wj~~fj(X), for all x E M, 
j=l j=l 
where lim xcn) = x* exists since BU{O} is closed, and it is efficient by the fact that E(X*) = {x*}. 
n-00 
Therefore, x* E ~(1, I) and this completes the proof. I 
5. STABILITY SET OF THE THIRD KIND 
DEFINITION 5. Suppose that problem Vop(X) is solvable with a corresponding efficient solution 
1, x* is any feasible point, and 6 > 0; then the stability set of the third kind of Vop(X), which is 
denoted by Ks(x, x*, S), is defined by 
I&(X, x*,6) = {x E llY/IJF(x*, X) - F(%, X)11 < 6). 
LEMMA 1. The set F&(x, x*, 6) is convex. 
PROOF. Let X1, X2 E Ks(& x*,6), then 
IIFW 1 A’) - F(%, x)11 < 5, lIF(x*, X2) - F(%, i)II < 5. 
Therefore, 
Hence, 
(I- w) IIF((x*, X1) - F(x, x)1) < (1 - w)S, and 
w IIF((x*, X2) - F(ii, x)ll < w6, O<wll. 
IIF((x*, (1 - w) X’ + wX2) - F(%, i)II 
i (1 -w) IlF(x*, X1) - F(%, x)11 + w IIF(x*, X2) - F(%, i)ll 
< (l-w)5+wS. 
Then ((1 - w) X’ + w X2) E Ks(x, x*, S), and hence the result follows. I 
Now, under the assumption F(x, A) = Xj fj(x), j = 1, 2,. . . , m, the determination of subset 
from the set &(A, x*, 6) is given as follows: 
llJ-‘(~*, 4 - F@, 811 = IIX f(x*) - x f(x)11 
= IIJ m*> - f@)> + Gf - Q fb*)ll 
5 INI IIf - f(9II + IIX - XII Ilf(x*)ll < 4 
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i.e, 
(,A _ ill < 6 - INI IIf - fWII = E 
Ilf(x*)Il * 
If 1(x*) denotes the set 
1(x*) = {x E W”Il(X - XII 4 s} ) 
then 1(x*) c P&(x, x*,6). In order that 1(x*) # 0, then it is clear that either 6 is large or 
IIf - f(R) (( is sufficiently small. 
REMARK 4. It must be noted that 
1(x8) c T(Z). 
6. STABILITY SET OF THE FOURTH KIND 
DEFINITION 6. Suppose that the problem Vop(X) is solvable at x E B with a corresponding 
efficient solution Z, and S > 0, then the stability set of the fourth kind of Vop(X), which is 
denoted by &(x, 6), is defined by 
&(X,6) = {A E R”I there exist x E M, IIF(x, A) - F(R, i;)ll < 6). 
LEMMA 2. The set Kd(x, S) is convex in X and closed in x. 
PROOF. The first part of the proof is clear from Lemma 1 at any feasible point x E M. To prove 
the second part, let Z, E K4(&6), n = 1, 2,. . . be a sequence of points which converges to 5; 
then 
Therefore, 
IIFCL A*) - F(%, x)/I < 6, and 
IIF(&, A*) - F(i, A*)[[ --) 0 as n + 00. 
llF(Z, A*) - F(ji, x)II =llF(Z, A*) -F&, A*) + F(Z,,, A”) - F(s, x)II 
I [IF@, A*) - F(% X*)(1 + IIF(En, A*) - F(n, i;)II < 6, 
which means that 2 E K4(&6). Hence, the result follows. I 
It is clear that J&(x, x*,6) C &(x,6). Following the same steps as those for determin- 
ing 1(x*), it is clear that if we define 
then J c &(x,5). 
J = U~EMW~ 
A simple expression for J can be deduced in the following case. If fj(x) are construction 
mappings on M, i.e., there exist a proper fraction p such that 
IIf - f@>II 5 P IIX - jdl7 
then using Cauchy’s inequality, it follows that 
l(X _ All < 6 -Pll~II lb - Rll = y(x) 
Ilfb’)ll * 
If I’(x) denotes the set 
then 
I’(x) = (x E EPll(X -Jill < r(x)} ) 
J’ = uxEMI’(x). 
UnM 26:*2-f 
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